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1. Introduction and results
1.1. The main result. This is the second of two papers (c.f. [20]) investigating which finitely
generated groups can be realized as fundamental groups of a connected compact Ka¨hler manifold.
Such groups are called Ka¨hler groups. Even if this question is completely open there are many
known obstructions for an infinite finitely presented group being Ka¨hler (we refer to [1] for a
panorama). Most of them come from Hodge theory (Abelian or not) in cohomological degree one.
The most interesting conjecture concerning infinite Ka¨hler groups, due to Carlson and Toledo and
publicized by Kollar [22] and Simpson, deals with cohomology in degree 2 :
Conjecture 1 (Carlson-Toledo). Let Γ be an infinite Ka¨hler group. Then virtually b2(Γ) > 0.
Remark 1. Recall that a group Γ has virtually some property P if a finite index subgroup Γ′ ⊂ Γ
has P .
Our first result in this paper is the following :
Theorem 1. Let Γ be a finitely presented group admitting a morphism ρ : Γ −→ GL(n,C) with
unbounded image in GL(n,C).
If Γ is a Ka¨hler group then b2(Γ) + b4(Γ) > 0.
Moreover if b2(Γ) = 0 then the bounded cohomology group H4b (Γ,R) is non-trivial.
Let us make some comments on theorem 1.
• In [31] Toledo constructed infinite Ka¨hler groups (in fact : fundamental groups of complex
smooth projective varieties) which are not residually finite. In particular such groups are
not linear. However all known infinite Ka¨hler groups satisfy the assumption of theorem 1 :
they admit a morphism to some complex linear group GL(n,C) with unbounded image.
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• Restricting ourselves to such groups rather than infinite groups is a classical drawback in
the study of Ka¨hler groups : we know nothing about their non-linear part.
• The main content of theorem 1 is of course that b2(Γ) + b4(Γ) > 0. Although the remark
concerning bounded cohomology might be of interest I don’t know many groups Γ for which
one can compute H4b (Γ,R).
1.2. A variant of [20, theor.1]. In [20] we proved the following :
Theorem. [20, theor.1] Let Γ be an infinite linear r-dimensional duality group, r ≥ 6. If Γ is a
Ka¨hler group then virtually
b2(Γ) + b4(Γ) > 0 .
Theorem 1 may look more general than [20, theor.1] : there is no duality nor linearity as-
sumption, and one does not have to pass to a finite index subgroup. However it is crucial to
realize that theorem 1 does not imply [20, theor.1] as there are many linear groups whose complex
representations are all bounded. Typically [20, theor.1] implies the following :
Theorem. [20, theor.2] Let Gv be the group of Fv-points of an algebraic group Gv, with reduc-
tive neutral component, over a non-Archimedean local field Fv of characteristic 0. Suppose that
rankFvGv ≥ 6.
Then a cocompact lattice Γ ⊂ Gv is never the fundamental group of a smooth projective complex
variety.
On the other hands theorem 1 says nothing in this situation : such a Γ ⊂ Gv is linear but every
representation ρ : Γ −→ GL(n,C) has bounded image by Margulis’s superrigidity theorem [23].
It is better to think of theorem 1, respectively [20, theor.1] as the geometric facet, respectively
the topological facet, of the same phenomenon. As we will see the main ingredient for theorem 1 is
non-Abelian Hodge theory and a careful differential-geometry study of Pontryagin forms on period
domains. On the other hand [20, theor.1] relies on the topological properties of Stein spaces and
duality properties in group cohomology.
In fact putting together theorem 1 and the proof of [20, theor.1] we obtain the following im-
provement of theorem 1 for linear duality groups :
Theorem 2. Let Γ ⊂ GL(n,C) be an infinite linear r-dimensional duality group, r ≥ 6, with
b2(Γ) = 0. Suppose that Γ is not bounded in GL(n,C). If Γ is Ka¨hler then virutally b4(Γ) > 1.
1.3. Application to lattices in real Lie groups. A simple way of constructing “big” Ka¨hler
groups (and essentially the only known one) consists in generalizing to higher dimensions the
uniformization of a smooth projective complex curve of genus g ≥ 2 as quotient of the Poincare´
disk. Let G be a real simple Lie group of Hermitian non-compact type, i.e. such that the associated
symmetric spaceG/K admits an unboundedG-invariant Ka¨hler metric. For exampleG = PU(n, 1)
the group of isometries of the unit ball BnC = {[z1, · · · zn+1] ∈ PnC, |z1|2 + · · ·+ |zn|2 < |zn+1|2}.
Any torsion free cocompact lattice Γ of G acts properly discontinuously on G/K and the quotient
X = Γ\G/K is a compact Ka¨hler manifold (in fact a smooth projective complex variety) with
fundamental group Γ. One can construct more sophisticated examples starting from these ones
using Lefschetz’s hyperplane theorem and glueing techniques [31].
In this context theorem 2 enable us to prove (with some restrictions on the rank) another
conjecture by Carlson-Toledo (certainly the main motivation for conjecture 1) :
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Theorem 3. Let G be a simple real Lie group of non-compact type, of real rank at least 20, and
Γ a cocompact lattice in G. Then Γ if a Ka¨hler group if and only if G is of Hermitian type.
Remark 2. In [27] Simpson showed that if a cocompact lattice Γ in a simple real Lie group G is
Ka¨hler then G is necessarily of Hodge type (i.e. admits discrete series). Thus theorem 3 consists
in reducing the class of groups of Hodge type to the class of groups of Hermitian type. That
is : excluding the two families G = SO(2p, q), p 6= 1 and G = Sp(p, q), p ≥ q, q ≥ 1 and
eight exceptional groups. Our proof does not apply in small rank. Certainly the most interesting
remaining case is the following : does there exists a cocompact lattice in Sp(n, 1) which is a Ka¨hler
group ?
1.4. Ingredients for the proof. Let Γ be the fundamental group of a compact connected Rie-
mannian manifold X and ρ : Γ −→ G =G(R) be a Zariski-dense representation, where G denotes
a real almost simple algebraic group (non-anisotropic). One can try (c.f. [19]) to understand ρ by
studying the pull-back map in cohomology
ρ∗ : H•ct(G,R) −→ H•(Γ,R) .
The continuous cohomology H•ct(G,R) is completely understood since the 60
′s. It is naturally
isomorphic to the De Rham cohomology H•(A•(G/K)G, d) of G-invariant differential forms on the
symmetric space G/K or equivalently with the relative Lie algebra cohomology H•(g,K,R). On
the other hand the datum of (X, ρ) essentially uniquely defines an harmonic ρ-equivariant map
fρ : X˜ −→ G/K ,
where X˜ denotes the universal cover of X . Contemplating the commutative diagram
(1) H•ct(G,R)
ρ∗
// H•(Γ,R)

H•(A∗(G/K)G, d)
fρ
∗
// H•(X,R)
we would like to exhibit some class c ∈ H•ct(G,R) whose image fρ
∗
(c) does not vanish in H•(X,R),
thus showing that the class ρ∗(c) ∈ H•(Γ,R) does not vanish. For a general X not much can be
done. When X is a compact Ka¨hler manifold this picture can be much improved using non-Abelian
Hodge theory.
LetX and ρ be as in theorem 1. If Γ admits a non-rigid complex finite dimensional representation
then Simpson’s version of Lefschetz’s theorem readily implies that b2(Γ) > 0 (c.f. [20, Appendix
B]). Thus we can assume that ρ is reductive rigid. As ρ is unbounded non-Abelian Hodge theory
implies that ρ is the monodromy of a (polarized) non-trivial complex variation of Hodge structure
(CVHS for short) on X : there exists a C∞ complex vector bundle E (say of rank n) with a
decomposition E = ⊕ki=0Ei (called the Hodge decomposition) into a direct sum of C∞ subbundles,
a flat connection ∇ with monodromy ρ satisfying Griffiths’s transversality condition
∇ : Ei −→ A0,1X (Ei+1)⊕A1,0X (Ei)⊕A0,1X (Ei)⊕A1,0X (Ei−1)
and a parallel Hermitian form h which makes the Hodge decomposition orthogonal and is positive
on Ei if i is even and negative if i is odd. If we set ri = rkE
i, the monodromy representation ρ
has image contained in a group isomorphic to U(p, q) ⊂ GL(n = p + q,C) where p = ∑i even ri
and q =
∑
i odd ri.
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The Hodge filtration of E by the subbundles F s = ⊕i≥sEi is holomorphic. Let us fix x0 ∈ X and
let E = ⊕ki=0Ei be the fiber of E over x0 endowed with the restriction h0 of the Hermitian metric
h on E. Let GC be the complex reductive algebraic group Zariski-closure of ρ(Γ) in PGL(E),
let G be its real form GC ∩ PU(E, h0), let Q be the parabolic subgroup of GC = GC(C) which
stabilizes the flag Fk ⊂ Fk−1 ⊂ · · · ⊂ F1 ⊂ F0 = E defined by the Hodge filtration and let
V = G ∩ Q ⊂ P(U(E0, h0|E0) × · · · × U(Ek, h0|Ek)). We obtain a period domain D = G/V in the
flag manifold Dˇ = GC/Q. Summarizing, considering the classifying map for the CVHS E on X we
obtain :
• a real form G of Hodge type of the Zariski-closure GC of ρ(Γ) in GL(n,C) such that
ρ(Γ) ⊂ G = G(R).
• a period domain G/V for G and a holomorphic ρ-equivariant period map fρ : X˜ −→ G/V
making the following diagram commutative :
X˜
fρ //
fρ !!C
C
C
C
C
C
C
C
G/V
pi

G/K
.
We can assume without loss of generality that the group G is R-simple. For a simple real
Lie group G of Hodge type the continuous cohomology H•ct(G,R) concentrates in even degree.
Cohomology in degree 2 is not useful for a general group of Hodge type : it is non-zero if and only
if G is of Hermitian type (in which case the G-invariant Ka¨hler form ωG/K generates H
2
ct(G,R)).
On the other hand the cohomologyH4ct(G,R) is always non-trivial for G of Hodge type : it contains
the first Pontryagin form p1(F) ∈ H4(g,K,R) of the real oriented C∞ vector bundle
F := G×K,Ad k
on G/K associated to the K-principal bundle K →֒ G −→ G/K, the adjoint representation
Ad : K −→ Aut(k). Here the form p1(F) is computed with respect to the standard G-invariant
Riemannian metric on F coming from the Killing form on k. The main idea for proving theo-
rem 1 consists in studying the pull-back of this class under fρ using the factorization through the
holomorphic horizontal map fρ. We prove the following :
Theorem 4. Let ρ : Γ = π1(X) −→ G be the monodromy of a complex variation of Hodge structure
fρ : X˜ −→ G/V on a compact Ka¨hler manifold X. Suppose that ρ(Γ) is unbounded in G.
Then the (2, 2)-form fρ
∗
p1(F) ∈ A2,2(X,R) is non-positive on X.
In particular the class ρ∗p1(F) ∈ H4(Γ,R) is non-zero except if fρ∗ p1(F) vanishes identically
on X.
Some comments on theorem 4 :
• As far as I know the only non-trivial case of theorem 4 which was previously deals with G =
Sp(n, 1). In this case G/V is the twistor space of the quaternionic symmetric space G/K
and the quaternionic form p1(F) pulls back via π to −c1(L)2, where L is a holomorphic
G-equivariant Hermitian line bundle on G/V . Moreover L is seen to be positively curved
in the horizontal directions [25]. Thus in this particular case the form π∗p1(F) is already
non-positive on pairs of horizontal vectors.
• for the general case however theorem 4 uses the full-strength of the definition of a CVHS :
the form π∗p1(F) is shown to be non-positive only on pairs of commuting vectors in the
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horizontal directions. Thus one crucially uses the classical fact that the image of dfρ(x) for
any point x ∈ X˜ can be canonically identified with an abelian horizontal subalgebra of gC.
To deduce theorem 1 from theorem 4 it is enough to understand what happens in the case
where the (2, 2)-form fρ
∗
p1(F) ∈ A2,2(X,R) vanishes identically on X . This case looks very
peculiar. It happens of course if the map fρ factorizes through a curve but it seems there are other
cases which deserve further study. However for our purpose it is enough to argue as follows. Given
E = ⊕ki=0Ei our CVHS on X let Qk ⊃ Q be the parabolic subgroup of GC stabilizing Ek = Fk. Let
qk : Dˇ = GC/Q −→ Dˇk := GC/Qk be the corresponding holomorphic projection of flag varieties.
By replacing E by ΛrkE (where rk = rkE
k) we can assume that rk = 1. In this case we obtain
the following :
Corollary 1. Let ρ : Γ = π1(X) −→ G be the monodromy of a complex variation of Hodge
structure E = ⊕ki=0Ei on a compact Ka¨hler manifold, with associated period map fρ : X˜ −→ G/V .
Suppose that rk = rkE
k = 1. Then :
• either the (2, 2)-form fρ∗ p1(F) ∈ A2,2(X,R) is non-positive on X and negative at some
point of X. In this case :
ρ∗p1(F) 6= 0 ∈ H4(Γ,R) .
• or the map qk ◦ fρ : X˜ −→ Dˇk factorizes through a complex curve.
In the second case one easily obtains as in [21] that the pull-back of a well-chosen G-invariant
real (1, 1)-form on Dˇ gives a non-trivial element in H2(Γ,R), thus finishing the proof of theorem 1.
1.5. Acknowledgements. It is a pleasure to thank B. Claudon, P.Eyssidieux, V. Koziarz, J.Maubon,
C. Simpson and D.Toledo for their interest in this work.
1.6. Organization of the paper. The paper is organized as follows. In section 2 we collect some
well-known facts concerning continuous cohomology of real simple Lie groups. In section 3 we
justify diagram (1). In section 4 we remind the relevant facts from non-Abelian Hodge theory and
in section 5 the geometry of period domains. Section 6 contains the fundamental computation of
π∗p1(F) for pairs of commuting horizontal vectors (c.f. theorem 11) and the proof of theorem 4.
The last two sections prove corollary 1, theorem 1, theorem 2 and theorem 3.
2. Continuous cohomology of real simple Lie groups
In this section we collect some classical results for the convenience of the reader. For simplicity
all the cohomologies will be understood with real coefficients.
2.1. Cartan’s theorem. Let G be a connected simple real Lie group of non-compact type, U its
compact dual and K its maximal compact subgroup. By Van Est’s theorem :
(2) H•ct(G) ≃ H•(g,K) ≃ H•(U/K) .
We are thus reduced to compute the cohomology of U/K. More generally let V be any connected
Lie subgroup of U . We want to compute H•(U/V ).
First for V = {1}. Let tU and tV , tV ⊂ tU , be maximal Abelian subalgebras of u and v
respectively. By Hopf theorem [3] :
H•(G) = Λ•(z1, · · · , zn)
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where the zi’s are universal transgressive elements. The Cartan-Chevalley theorem implies :
H•(BU) = S•(tU )
WU
is the ring of WU -invariants polynomials on tU . If y1, · · · , yn denotes the image of z1, · · · , zn by
transgression for the U -principal bundle U →֒ EU −→ BU then the yi’s generate H•(BU).
For any connected V ⊂ U : let
ρ∗(V, U) : H•(BU) ≃ S∗(tU )WU −→ S∗(tV )WV ≃ H•(BV )
be the natural restriction map. Let (L, d) be the differential algebra defined by :
L = H•(BV )⊗Z H•(U)
and
d(1⊗ zi) = ρ∗(V, U)yi ⊗ 1 (1 ≤ i ≤ n)
d(b⊗ 1) = 0 for b ∈ H•(BV ) .(3)
Let denote by q : H•(BV ) −→ H•(L, d) be the homomorphism induced by the inclusion
(H•(BV ), 0) ⊂ (L, d) of dg-algebras and by σ∗ : H•(BV ) −→ H•(U/V ) the characteristic ho-
momorphism deduced from the classifying map U/V −→ BV .
Theorem 5 (H.Cartan). [3, p.187] There exists an isomorphism µ : H•(L, d) −→ H•(U/V ) such
that the following diagram commutes :
H•(BV )
q
//
σ∗ &&NN
N
N
N
N
N
N
N
N
N
H•(L, d)
µ

H•(U/V ) .
2.2. Equal rank case.
Theorem 6. [3, theor 26.1] Let U/V be a compact homogeneous space, with U connected and V
connected compact. If rkU = rkV then :
(a) ρ∗(V, U) : H•(BU) −→ H•(BV ) is injective.
(b) H•(G/U) = S•(tU )
WV / < S•(tU )
WU >+ where < S•(tU )
WU >+ is the ideal of S•(tU )
WV
generated by elements of S•(tU )
WU of positive degrees.
(c) If si − 1, 1 ≤ i ≤ n, resp. rj − 1, 1 ≤ j ≤ n, are the degrees of the zi’s, resp. of
universal transgressive elements basis (as an exterior algebra) of H•(BV ) then the Poincare´
polynomial of U/V is :
P (U/V, t) =
(1− ts1) · · · (1− tsl)
(1− tr1) · · · (1− trl) (Hirsch formula) .
2.3. Low-degree cohomology. Consulting tables for the constants si and ri [11] one easily
deduces from theorem 6 the following :
Corollary 2. Let U/K be a symmetric space of compact type with U connected simple real compact
Lie group of dimension larger than 3. Then :
(a) h2(U/K) = 0 except if U is of Hermitian type in which case h2(U/K) = 1.
(b)
h4(U/K) =


0 if K is simple,
2 if U is of Hermitian type,
1 otherwise.
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(c) If rkK = rkU then H•(U/K) is concentrated in even degrees, h2(U/K) = 0 and h4(U/K) =
1 except if U is of Hermitian type in which case h2(U/K) = 1 and h4(U/K) = 2.
One can also show by elementary methods :
Theorem 7. Let U/K be a symmetric space of compact type with U connected simple real compact
Lie group of dimension larger than 3 and rkU = rkK. Then the first Pontryagin class [p1(F)] ∈
H4(U/K) of the real bundle F = U ×K,Ad k does not vanish.
Remark 3. One also easily shows that if the total Pontryagin class p(U/K) ∈ H•(U/K) is non-
trivial then necessarily rkU = rkK [11].
3. Characteristic classes of representations
Let Γ and G be topological groups. Let ρ : Γ −→ G be a group morphism. Our goal in this
section is to recall some basic facts concerning the pull-back map it induces in cohomology
ρ∗ : H•c (G,R) −→ H•c (Γ,R) ,
in particular the commutative diagram (1).
Suppose Γ is a discrete group. Thus ρ factorizes through Gδ (the group G with the discrete
topology) and the pull-back map in cohomology can be written
H•c (G,R)
i∗→֒ H•(Gδ,R) = H∗(BGδ,R) ρ
∗
−→ H•(Γ,R) ,
where i : Gδ −→ G is the canonical map and the injectivity of i∗ is a classical result of Borel and
Selberg.
We will be interested in the case where Γ is the fundamental group of a closed smooth manifold
and G is a real simple Lie group of non-compact type with maximal compact subgroup K and
associated Riemannian symmetric space G/K.
3.1. Continuous cohomology versus discrete cohomology for Lie groups. For details on
this section we refer to [10]. Let G be as above. The continuous cohomology H•c (G,R) is described
by Van Est’s theorem :
H•c (G,R) ≃ H•(A∗(G/K)G, d) ≃ H•(g,K,R)
where (A∗(G/K)G, d) denotes the G-invariant subcomplex of the real De Rham complex of G/K.
Let FG/K −→ BGδ denotes the flat bundle with fiber G/K associated to the canonical flat
G-bundle FG over BGδ. As G/K is contractible the bundle FG/K admits a continuous section
s, unique up to homotopy. Finally one obtains the following diagram, uniquely defined in the
homotopy category :
(4) FG/K
p

BGδ
s
DD
Equivalently the section s can be interpreted as a Gδ-equivariant map
EGδ
s−→ G/K .
Any G-invariant closed form λ ∈ Ai(G/K) defines by flat glueing a closed simplicial differential
form λ ∈ Ai(FG/K) with closed pull-back s∗λ ∈ Ai(BGδ). Equivalently s∗λ is a Gδ-invariant
closed form on EGδ.
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Finally the map
H•c (G,R)
i∗−→ H•(Gδ,R) = H∗(BGδ,R)
is canonically identified with :
(5) s∗ : H•(A∗(G/K)G, d) ≃ H•(g,K,R) −→ H•(Gδ,R) .
3.2. The characteristic homomorphism. Let Γ be a discrete group and G as above. One has
the pull-back diagram, uniquely defined in the homotopy category :
(6) FG/K,ρ
p

// FG/K
p

BΓ
sρ
DD
ρ
// BGδ
s
DD
Equivalently the section sρ can be interpreted as a ρ-equivariant continuous map
EΓ
sρ−→ G/K .
Suppose moreover that Γ = π1(M) is the fundamental group of a connected topological spaceM .
Gluing the diagram 6 along the classifying map (canonical in the homotopy category) c :M −→ BΓ
defined by the universal cover M˜ of M , one obtains :
(7) c∗(FG/K,ρ)
p

// FG/K,ρ
p

// FG/K
p

M
fρ
DD
c
// BΓ
sρ
DD
ρ
// BGδ
s
DD
Equivalently the section fρ can be interpreted as a ρ-equivariant continuous map
fρ : M˜
c−→ EΓ sρ−→ G/K .
Finally one has the following commutative diagram, which refines diagram (1) :
(8) H•c (G,R)
i∗ // H•(Gδ,R)
ρ∗
// H•(Γ,R)
c∗ // H•(M,R)
H•(A∗(G/K)G, d)
s∗ //
s∗ρ
11
f∗ρ
55H
•(A∗(Gδ,R), d)
ρ∗
// H•(A∗(BΓ,R), d)
c∗ // H•(A∗(M,R), d)
4. Non-Abelian Hodge theory
In this section GC is a reductive C-algebraic group and GC = GC(C) its Lie group of complex
points. We fix once for all a maximal compact subgroup U of GC. Let (X,ω) be a compact
connected Ka¨hler manifold with fundamental group Γ = π1(X) (the role of the base point will be
unimportant for our discussion).
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4.1. Simpson’s correspondence. Non-Abelian Hodge theory establishes a correspondence be-
tween (reductive) GC-principal local systems on X (or equivalently GC-conjugacy classes of repre-
sentations Γ −→ GC and (semi-harmonic) GC-principal Higgs bundles on X :
Definition 1. A GC-principal Higgs bundle on X is a pair (P, θ), where
• P is a principal holomorphic GC-bundle on X.
• θ ∈ AdP⊗ Ω1X satisfies [θ, θ] = 0 (where AdP := P×GC gC).
A GC-principal Higgs bundle (P, θ) on X is said to be of semi-harmonic type if its Chern classes
vanish and for some irreducible GC-module V (and then for any) the Higgs vector-bundle P⊗GC V
is Higgs semi-stable.
The correspondence is obtained as follows. Let ρ : Γ −→ GC be a reductive representation and
P = (P,D) the associated flat complex GC-bundle on X . Here P denotes the principal GC-bundle
X˜ ×ρ GC with flat connection D ∈ A1(AdP ). As X is compact Ka¨hler and ρ is reductive there
exists an essentially unique ρ-equivariant harmonic map
f : X˜ −→ GC/U
(where GC/U denotes the symmetric space of GC), defining an harmonic U -reduction PU of P .
Decompose the flat connexion D as
D = ∇+ α ,
where∇ is the canonical connexion on the U -principal bundle PU and α ∈ A1(X,AdP ). Decompose
furthermore using types :
∇ = ∂K + ∂ ,
α = θ + θ∗ ,
where ∂K is of type (1, 0), ∂ is of type (0, 1), θ ∈ A1,0(AdP ) and θ∗ = τ(θ) ∈ A0,1(AdP ) is
the conjugate of θ with respect to the U -reduction. Define D′ = ∂K + θ
∗, D′′ = ∂ + θ, thus
D = D′ +D′′. As D is flat and the U -reduction PU is harmonic, (D
′′)2 = 0, that is :
∂
2
= ∂(θ) = [θ, θ] = 0 .
Finally (P = (P, ∂), θ) is a GC-Higgs bundle (of semi-harmonic type). Notice that knowing (P, θ)
is equivalent to knowing (P,D′′).
Let GC − dR be the differential graded-category of flat GC-bundles on X : an object is a flat
bundle P = (P,D) on X and
HomGC−dR(P ,P ′) = (A•(Hom(AdP,AdP ′), DHom(P,P ′)) .
Let GC −Dol be the differential graded-category of semi-harmonic GC-Higgs bundles on X : an
object is a semi-harmonic GC-Higgs bundle (P, θP) on X and
HomGC−Dol(P, θP), (P
′, θP′)) = (A
•(Hom(AdP,AdP ′), D′′Hom(P,P ′)) .
Theorem 8 (Simpson). The functor F : GC − dR −→ GC −Dol associating to the flat bundle P
the Higgs bundle (P, θ) is a quasi-equivalence of differential graded categories.
It implies the geometric (weaker) version [28, theor. 9.11 and lemma 9.14] :
Theorem 9 (Simpson). The functor F induces a real-analytic diffeomorphism
φG :M(Γ,GC)(C) −→MDol(X,GC)(C)
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between the Betti moduli space M(Γ,G)(C) = (Hom(Γ,GC)//G
ad
C )(C) of representations of Γ =
π1(X) in GC and the Dolbeault moduli space of GC-Higgs bundles of semi-harmonic type.
4.2. G-variations of Hodge structures. The moduli space MDol(X,G) of GC-Higgs bundles
of semi-harmonic type carries a natural C∗-action : an element t ∈ C∗ maps [(P, θ)] to [(P, t · θ)]
[28, p.62]. The fixed points of this action are of particular importance : they are systems of G-
Hodge bundles [27, p.44] and correspond by Simpson’s correspondence to (isomorphism classes of)
G-complex variations of Hodge structure (G-CVHS).
4.2.1. Hodge datum.
Definition 2. A (pointed) Hodge datum is a pair (G, u), where G is a real reductive algebraic group
and u : U(1) −→ Aut(G)0 ⊂ Gad is a morphism of real algebraic groups such that C = u(−1) is a
Cartan involution of G (that is : C2 = 1 and τ := Cσ = σC is the conjugation of GC with respect
to a compact real form U, where σ denotes the conjugation of GC with respect to G).
In particular the Cartan involution C is inner. One easily shows (c.f. [27, section 4.4]) that an
algebraically connected real reductive group G admits a Hodge datum (G, u) (one says that G
is of Hodge type) if and only if G contains an anisotropic maximal torus T. In other words the
reductive real Lie group G(R) has the same real rank than any of its maximal compact subgroups.
4.2.2. Period domains.
Definition 3. Let (G, u) be a Hodge datum. We denote by :
• V = ZG(u) the centralizer of u in G = G(R). As V is invariant by C, V is contained in
U = U(R), in particular V is compact.
• K the centralizer of C in L. Notice that K co¨ıncide with the intersection U ∩L. Thus the
group K is a maximal compact subgroup of L.
Finally the Hodge datum (G, u) defines canonically the chain of inclusions of compact groups
V ⊂ K ⊂ U .
Let (G, u) be a Hodge datum. Let λ : G −→ GL(E) be a real (resp. complex) representation
λ : G −→ GL(E) of G. If G =Gad (or more generally if λ factorizes through Gad) the composite
λ ◦ u : U(1) −→ Gad −→ GL(E) defines a weight 0 real (resp. complex) Hodge structure on E
polarized by λ ◦ u(−1). In particular the adjoint representation of G defines on the Lie algebra g
a weight 0 polarized real Hodge structure :
gC =
⊕
i∈Z
g
i,−i
C ,
where u(z) acts on gi,−iC via multiplication by z
−i. We will denote by F •gC the corresponding
decreasing Hodge filtration. The polarization is given by the Killing form βG.
Definition 4. One denotes by q ⊂ gC the Lie sub-algebra F 0gC and Q ⊂ GC the corresponding
subgroup.
One easily check that q is a parabolic sub-algebra of gC, with Levi sub-algebra vC the complex-
ified Lie algebra of v = Lie(V ).
Definition 5. Let (G, u) be a Hodge datum. The period domain D associated to (G, u) is the
G-conjugacy class of u.
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Thus D naturally identifies with G/V . Let Dˇ = GC/Q be the flag manifold of GC = G(C)
defined by Q, the natural morphism D = G/V →֒ Dˇ = GC/Q is an open embedding and thus
defines a natural G-invariant complex structure on D.
4.2.3. Horizontality. The holomorphic tangent bundle TD naturally identifies with theG-equivariant
bundle (GC ×Q gC/q)|D.
Definition 6. The superhorizontal tangent bundle TshD is the holomorphic sub-bundle (GC ×Q
F−1gC/q)|D of TD.
Definition 7. Let C be the category whose objects are pairs (Y,RY ), where Y is a complex smooth
analytic space, RY ⊂ TY a holomorphic distribution, and a morphism f : (Y,RY ) −→ (X,RX) in
C is a holomorphic horizontal map f : X −→ Y : one requires that df(RY ) ⊂ RX . We will look at
the category of smooth analytic spaces as a subcategory of C, the distribution being the full tangent
space.
4.2.4. GC-CVHS. With all these definitions we can define the main actors in Simpson’s theory :
Definition 8. Let X be a complex analytic manifold with fundamental group Γ and universal
cover X˜. Let GC be a complex reductive algebraic group. A GC-complex variation of Hodge
structure (GC-CVHS) is a Hodge datum (G, u) with period domain D for a real form G of GC, a
representation ρ : Γ −→ G = G(R) ⊂ G (called the monodromy of the variation) and a holomorphic
horizontal ρ-equivariant map f : X˜ −→ D (called period map).
Definition 9. Let (G, u, ρ, f : X˜ −→ D) be a GC-CVHS on X. Let τ : Q −→ VC i→֒ GC be the
reduction of i to the Levi VC of Q. One associates to it the following principal GC-bundles on X :
• the flat GC-bundle P = X˜ ×Γ,ρ GC, which is naturally a holomorphic bundle. Notice that
this holomorphic structure is compatible with the identification P := f∗((LC ×Q,i GC)|D)
(descent to X of the) pull-back via f of the holomorphic GC-bundle GC ×Q,i GC on Dˇ.
• the holomorphic GC-bundle P = f∗((LC ×Q,τ GC)|D (descent to X of the) pull-back via f
of the holomorphic GC-bundle LC ×Q,τ G on Dˇ.
4.3. G-CVHS and Simpson correspondence. Let (G, u : U(1) −→ Gad, ρ : Γ −→ G, f :
X˜ −→ D) be a GC-CVHS on X .
On the Betti side it canonically defines the isomorphism class of the flat G-bundle P .
On the Dolbeault side : the adjoint bundle AdP = P ×GC,Ad gC = f∗((GC ×Q,Ad◦τ gC)|D)
identifies with the graded bundle GrF AdP of the weight 0 complex variation of Hodge structure
AdP = Eg associated to the representation GC −→ GL(gC) :
AdP =
⊕
p∈Z
(AdP)p,−p .
Definition 10. Define θf ∈ (AdP)−1,1 ⊗ Ω1X as the differential of f .
Thus (P, θ) is a semi-stable GC-Higgs-bundle and the GC-CVHS (i : G →֒ ResC/RG, ρ, f :
X˜ −→ D) canonically defines the point [(P, θ)] (called a system of G-Hodge bundles by Simpson)
in MDol(X,G).
Proposition 1. [27, cor 4.2] Let [ρ] ∈M(Γ,GC)(C) with ρ reductive. Then φGC([ρ]) ∈MDol(X,GC)(C)
is C∗-fixed if and only if ρ is the monodromy of a GC-complex variation of Hodge structure
f : X˜ −→ D. Moreover φGC([ρ]) = [(P, θ)].
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5. Geometry of period domains
5.1. The fibration D = G/V −→ G/K. The action of the compact form U ⊂ GC on Dˇ is
transitive with stabilizer V at the point u ∈ Dˇ. The inclusion V ⊂ K ⊂ G (resp. V ⊂ K ⊂ U)
defines a G-equivariant (resp. U -equivariant) C∞ fibration π : D = G/V −→ G/K (resp. πˇ : Dˇ =
U/V −→ U/K) over the symmetric space G/K (resp. its dual U/K) :
D = G/V

 i //
pi

Dˇ = GC/Q Dˇ = U/V
pˇi

X = G/K U/K
.
The symmetric space G/K (resp. U/K) does not admit any G-invariant (resp. U -invariant)
complex structure except in the case where G is of Hermitian type (i.e. when the Hodge structure
on g is of type (−1, 1), (0, 0) and (1,−1)). Even when G is of Hermitian type the projections
π : D −→ G/K and πˇ : Dˇ −→ U/K are not holomorphic in general. However their fibers (in
particular the fibre K/V over the base point u ∈ D) are always compact holomorphic subvarieties
of D and Dˇ [14, p.261]. In particular D is a Stein manifold only in the case where D = X is
a Hermitian symmetric space. Let us also emphasize that the projections π : D −→ G/K and
πˇ|D : D −→ U/K do not co¨ıncide (even if they have the same fibre K/V at the base point u ∈ D).
5.2. Root data. Let (G, u) be a Hodge datum with Cartan involution C. Let V ⊂ K ⊂ U be
the compact subgroups of GC it defines (c.f. section 4.2.1). We will also denote by σ and τ the
complex conjugations of gC with respect to g and u respectively. Let T ⊂ V be a maximal compact
torus of G containing u(U(1)). Let t be its Lie algebra and hC = t⊗C be the corresponding Cartan
subalgebra of gC. The Cartan subalgebra hC is τ -stable and σ-stable.
The adjoint representation of hC on gC defines a root space decomposition
gC = hC ⊕
⊕
α∈∆
gα ,
where ∆ = ∆(gC, hC) ⊂ h∗C denotes the root system of hC in GC and each root space
gα = {x ∈ gC / [h, x] = α(h)x pour tout h ∈ hC}
is of complex dimension 1. Let ∆(vC, hC) ⊂ ∆(kC, hC) ⊂ ∆ be the root subsystems associated to
(vC, hC) and (kC, hC) respectively. We denote by < ·, · > the natural scalar product on h∗C.
Let g = k ⊕ p be the Cartan decomposition of g defined by the Cartan involution C. The
involution C commutes with the adjoint action of hC thus any gα, α ∈ ∆ is either contained in kC
(the root α is said to be compact) or in pC (the root α is said non-compact). We denote by ∆k ⊂ ∆
(resp. ∆p ⊂ ∆), the set of compact roots (resp. non-compact roots).
Let ∆+ ⊂ ∆ be the unique set of positive roots such that g−α ⊂ q for every α ∈ ∆+. Let
Ψ = {α1, · · · , αr} be the corresponding set of simple roots. For every subset θ ⊂ Ψ we denote by :
• |θ| the cardinal of θ.
• θc := Ψ \ θ and < θ > the set of roots in ∆+ linear combination of elements of θ.
• nθ,− the nilpotent Lie algebra
⊕
α∈∆+\<θ>
g−α.
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• lθ the reductive subalgebra centralizer of ∩α∈θ kerα, thus
lθ = hC ⊕
⊕
α∈<θ>
(g−α ⊕ gα)
• qθ the parabolic subalgebra lθ ⊕ nθ,− and Qθ ⊂GC the corresponding parabolic subgroup.
Remark 4. We followed the convention that Qθ is of parabolic rank |θc|. Thus QΨ = GC and
Q∅ = B is the standard Borel subgroup of GC associated to ∆+.
For θ ⊂ Ψ we denote by Dˇθ the flag variety Dˇθ = GC/Qθ. For θ ⊂ θ′ ⊂ Ψ let πθθ′ : Dˇθ −→ Dˇθ′
be the natural holomorphic projection.
As the subalgebra vC is reductive and hC ⊂ vC ⊂ kC there exists a unique subset Φ ⊂ ∆k ∩ Ψ
such that
vC = lΦ and q = qΦ .
The group U is a compact form of GC thus the roots α ∈ ∆ are real on hR :=
√−1t ⊂ hC. This
identifies ∆ with a subset of the dual space h∗R. The root system ∆ cuts hR (and also using the
Killing form the dual space h∗R) in a disjoint union of facets. The open facets are the Weyl chambers.
Let hR,+ be the Weyl chamber of hR defined by Ψ. Let E ∈ t be the generator of u : U(1) −→ G.
The subset Φ ∈ Ψ naturally identifies with the set of roots α satisfying α(√−1E) ≥ 0.
Let W be the Weyl group of ∆, sα ∈W be the reflection associated to α and w0 be the element
of W of maximal length.
5.3. Automorphic bundles.
Definition 11. Let π : QΦ −→ GL(E) be a finite dimensional complex representation. We denote
by Fˇpi := GC ×Qθ,pi E the holomorphic GC-equivariant bundle on Dˇ with fibre E associated to π
and by Fpi its restriction to D.
Let n− = nΦ,− be the nilpotent radical of the parabolic subalgebra q = qΦ. Then
n+ := σ(n−) = τ(n−) = F
−∞gC/F
0gC = ⊕α∈∆+\<Φ>gα .
The complex vector space n+ is a natural q-module and T Dˇ = Fˇn+ , TD = Fn+ .
Definition 12. We will denote by ∆−1,1 ⊂ ∆+ the unique set of positive roots such that
g
−1,1
C =
⊕
α∈∆−1,1
gα .
For convenience we will put a total order <t on ∆
−1,1 (we will distinguish it from the partial order
≤ on ∆ defined by Ψ).
Remark 5. The set ∆−1,1 admits a natural decomposition corresponding to a decomposition of
the sub-q-module g−1,1C = F
−1gC/F
0gC into a sum of blocs :
g
−1,1
C =
⊕
β∈Φc
g
−1,1
C,β ,
with
g
−1,1
C,β :=
⊕
γ∈(β+<θ>)∩∆+
gγ .
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Correspondingly :
TshD = Fg−1,1
C
=
⊕
β∈Φc
F
g
−1,1
C,β
,
which corresponds to the usual Hodge bloc decomposition
⊕
Hom(Hp,q, Hp−1,q+1).
5.4. Curvature of automorphic bundles. As a complex bundle the holomorphic fiber bundle
Fpi = Fˇpi can be written G ×V,pi|V E. As the group V is compact on can put on E a V -invariant
Hermitian metric which induces a G-invariant Hermitian metric on Fpi. The Chern connexion on
the Hermitian holomorphic bundle Fpi is G-invariant and is deduced from the connexion form of
the V -principal bundle V →֒ G −→ G/V = D. We will denote by ΘD(π) ∈ A1,1(D)⊗End(Fpi) its
G-invariant curvature form. These curvature forms are computed in [14].
Lemma 1. [14, p.265] There exists a basis (eα ∈ gα, hα ∈ hR)α∈∆ of gC (called a Weyl basis)
satisfying the following properties :
(a) (eα, eβ) = δα,−β, [eα, e−α] = hα.
(b) (hα, x) = α(x) for x ∈ hC.
(c) [eα, eβ] = 0 if α 6= −β et α+ β 6∈ ∆.
(d) [eα, eβ] = Nα,β eα+β si α, β, α + β ∈ ∆, where Nα,β ∈ R, N−α,−β = −Nα,β.
(e) τ(eα) = −eα.
(f) σ(α) = εαe−α where εα = −1 if α is compact and εα = 1 if α is non-compact.
(g) εα+β = −εαεβ if α, β, α + β ∈ ∆.
Definition 13. Let (eα ∈ gα, hα ∈ hR)α∈∆ be a Weyl basis. We denote by wα ∈ g∗α, α ∈ ∆, the
linear form dual to eα.
Theorem 10. [14, p.269]
(1) The curvature form ΘD for the natural connection on the V -principal bundle V →֒ G −→
G/V = D is
ΘD = −
∑
α,β∈∆+\∆kC
[eα, e−β ]vC ⊗ wα ∧ wβ +
∑
α,β∈(∆(kC)∩∆+)\<Φ>
[eα, e−β]vC ⊗ wα ∧ wβ .
(2) Let π : QΦ −→ GL(E) be a finite dimensional complex representation. The curvature
form ΘD(π) ∈ A1,1(D)⊗EndFpi for the natural Hermitian connection on the automorphic
vector bundle Fpi is
ΘD(π) = −
∑
α,β∈∆+\∆kC
π([eα, e−β]vC)⊗ wα ∧wβ +
∑
α,β∈(∆(kC)∩∆+)\<Φ>
π([eα, e−β]vC)⊗ wα ∧wβ .
Corollary 3. Let π : QΦ −→ GL(E) be a finite dimensional complex representation. Let ξ ∈
TshD ≃ g−1,1C be a superhorizontal holomorphic vector field. Then
ΘD(π)(ξ ∧ ξ) = −[ξ, σ(ξ)] ∈ vC = g0,0C .
6. First Pontryagin class : proof of theorem 4
6.1. Computation of π∗p1(F). Let π : D = G/V −→ G/K be the canonical projection. Let
F := G×K,Ad k
be the real oriented C∞ vector bundle on G/K associated to the K-principal bundle K →֒ G −→
G/K and the adjoint representation Ad : K −→ Aut(k). We denote by p1(F) ∈ H4(g,K,R) the
first Pontryagin form of the bundle F with its canonical metric associated to the K-invariant scalar
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product −Bk(X,Y ). By definition p1(F) = −c2(F⊗RC) the second Chern form of the complexified
bundle F⊗RC. Notice that the pull-back complex bundle π∗F⊗RC with its pulled-back Hermitian
metric is in fact an automorphic bundle on G/V :
π∗F ⊗R C = FkC .
Thus
π∗p1(F) = p1(Fk) = −c2(FkC) ∈ H4(g, V,R)
lies in H2,2(g, V,R).
Theorem 11. Let ξ, η ∈ g−1,1C satisfying [ξ, η] = 0. Then
−8π2 · π∗p1(F)(ξ ∧ η ∧ ξ ∧ η) =
∑
α,β∈∆−1,1
α<tβ
(N2α,−β+ < α, β > +N
2
α,β) · |ξαηβ − ξβ ∧ ηα|2 .
Proof. As usual :
π∗p1(F) = −c2(FkC) = −
1
8π2
Tr ΘD(kC)
2 .
For simplicity we will denote by Ξ the (2, 2)-form −8π2 · π∗p1(F). As recalled in corollary 3 for
any ξ ∈ g−1,1C one has
ΘD(kC)(ξ ∧ ξ) = −adkC [ξ, σ(ξ)] ∈ EndFkC .
Notice that σ = −τ on g−1,1C . Thus for any ξ, η ∈ g−1,1C we get :
(9) Ξ(ξ ∧ η ∧ ξ ∧ η) = Tr (adkC [ξ, τ(ξ)]adkC [η, τ(η)]|kC)− Tr (adkC [ξ, τ(η)]adkC [η, τ(ξ)]|kC)) ,
which can be rewritten as :
(10) Ξ(ξ ∧ η ∧ ξ ∧ η) = BkC([ξ, τ(ξ)], [η, τ(η)]) −BkC([ξ, τ(η)], [η, τ(ξ)]) .
Let α, β, γ, ε ∈ ∆−1,1 and eα, eβ , eγ , eε ∈ g−1,1C the corresponding vectors of our Weyl basis.
Thus
Ξαβγε = BkC([eα, e−γ ], [eβ , eε])−BkC([eα, e−ε], [eβ, e−γ ])
= Nα,−γNβ,−δBkC(eα−γ , eβ−ε)−Nα,−εNβ,−γBkC(eα−ε, eβ−γ) ,
with the convention eα−α = hα.
Thus :
(11) Ξαβγε =


Nα,−γNβ,−δ −Nα,−εNβ,−γ if α− γ = β − ε and α 6= γ,
N2α,−β+ < α, β > if α = γ and β = ε,
0 otherwise.
This expression can be simplified using the following :
Lemma 2. [17, p.147] Let α, β, γ and ε be 4 roots in ∆, no two of which have sum 0. Then
Nα,βNγ,ε +Nβ,γNα,ε +Nγ,αNβ,ε = 0 .
Let us apply this lemma to the first case of equation (11) and the sum of roots α+β−γ−δ = 0.
Using N−γ,α = −Nα,−γ and N−γ,−ε = −Nγ,ε one obtains :
Lemma 3.
(12) Ξαβγε =


−Nα,βNγ,ε if α− γ = β − ε and α 6= γ,
N2α,−β+ < α, β > if α = γ and β = ε,
0 otherwise.
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Let now ξ, η ∈ g−1,1C . We write ξ =
∑
α ξ
αeα and η =
∑
β η
βeβ , where for simplicity of notations
all the indices α, β, γ, ε from now on vary in ∆−1,1. Thus
ξ ∧ η =
∑
α<tβ
(ξαηβ − ξβηα) · eα ∧ eβ .
We deduce from the lemma :
Ξ(ξ ∧ η ∧ ξ ∧ η) = −
∑
α+β=γ+ε
α<tβ
γ<tε
α6=γ
(ξαηβ − ξβηα) · (ξγηε − ξεηγ) ·Nα,β ·Nγ,ε
+
∑
α<tβ
|ξαηβ − ξβηα|2 · (N2α,−β+ < α, β >)
and thus
Ξ(ξ ∧ η ∧ ξ ∧ η) = −
∑
γ<tε
(ξγηε − ξεηγ) ·Nγ,ε ·


∑
α<tβ
α6=γ
α+β=γ+ε
(ξαηβ − ξβηα)Nα,β


+
∑
α<tβ
|ξαηβ − ξβηα|2 · (N2α,−β+ < α, β >) .
(13)
Suppose now that [ξ, η] = 0. Thus
∑
α<tβ
(ξαηβ − ξβηα) · [eα, eβ] = 0 which is
∑
α<tβ
α+β fixed
(ξαηβ − ξβηα) ·Nα,β = 0 .
which implies for any γ, ε ∈ ∆ ’:
(14)
∑
α<tβ
α+β=γ+ε
α6=γ
(ξαηβ − ξβηα) ·Nα,β = −(ξγηε − ξβηγ) ·Nγ,ε .
Replacing ∑
α<tβ
α+β=γ+ε
α6=γ
(ξαηβ − ξβηα) ·Nα,β
by
−(ξγηε − ξβηγ) ·Nγ,ε
in equation (13) we obtain theorem 11.

6.2. Proof of theorem 4. By theorem 11 it is equivalent to showing that
N2α,−β+ < α, β > +N
2
α,β ≥ 0
for any roots α, β ∈ ∆−1,1. Otherwise < α, β >< 0. But then α, α+ β, · · · , α+ kβ is the β-string
through α, with
k = −2< α, β >
< β, β >
.
On the other hand by [17, p.151] :
N2α,β =
k
2
< α,α >= − < α, β > .
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Thus
N2α,−β+ < α, β > +N
2
α,β = N
2
α,−β ≥ 0 .
✷
7. Proof of corollary 1 and theorem 1
We first prove corollary 1. Let γ ∈ Φc be the unique root whose associated block F
g
−1,1
C,γ
:=⊕
α∈(γ+<θ>)∩∆+
gα is contained in Hom(E
k, Ek−1). Let Ψγ ⊂ Ψ be the connected component of
the vertex γ in the subdiagram of the Dynkin diagram of Ψ generated by Φ ∪ {γ}. Let ∆γ be the
root system associated to Ψγ and ∆γ+ ⊂ ∆+ the set of positive roots in ∆γ . The root system δγ is
of Hermitian type, its unique positive non-compact root in Ψγ is γ and the set (γ+ < θ >) ∩∆+
identifies with the set of positive non-compact roots of this system.
Suppose now rk = 1. This means that Ψ
γ\{γ} is still connected and the roots in (γ+ < θ >)∩∆+
are strictly ordered. Let α, β be two such roots, without loss of generality we can assume α ≥ β.
Thus
< α, β >=< β, β > + < α− β, β >≥< β, β >> 0 ,
as α− β is still a positive combination of positive roots (and β too).
This proves that for any ξ, η ∈ g−1,1C,γ satisfying [ξ, η] = 0 one has
π∗p1(F)(ξ ∧ η ∧ ξ ∧ η) < 0
except if ξαηβ = ξβηα for every α, β ∈ (γ+ < θ >) ∩∆+, i.e. if ξ and η are proportional.
This immediately implies that if fρ
∗
p1(F) vanishes identically on X then qk ◦ fρ : X˜ −→ Dk
has rank 1, where Dk denotes the open G-orbit in Dˇk image of D under qk.
We now argue as in [21, section 4.5]. We apply a theorem of Kaup [12, Theorem 6] which states
that there exists a normal complex curve Σ and holomorphic maps h : M˜ −→ Σ, ψ : Σ −→ Dˇk,
with h surjective, such that fρ = ψ ◦ h :
(15) X˜
fρ //
h

D
qk

Σ
ψ
// Dk .
Which finishes the proof of corollary 1.
To complete the proof of the main statement b2(Γ) + b4(Γ) > 0 of theorem 1 one can assume
we have a factorization as in diagram (15) (otherwise b4(Γ) > 0). We continue to argue as in [21,
section 4.5]. As the map qk ◦ fρ is superhorizontal and Dk admits a function φ whose Levi form
L(φ) is positive on the superhorizontal tangent space to Dk (c.f. [21, prop.4.2]) the curve Σ is not
P1C, in particular Σ is aspherical. By [21, prop.4.2] the restriction to TshDk of the G-equivariant
curvature form of the canonical line bundle KDk is positive thus its pull-back under qk ◦ fρ is a
positive (1, 1)-form on X defining a non-trivial element in H2(X,R). As qk ◦ fρ factorizes through
Σ which is aspherical, this element kills π2(X) thus belongs to the subspace H
2(Γ,R) →֒ H2(X,R).
Which finishes the proof of the main statement of theorem 1.
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For the statement concerning H4b (Γ,R) it is enough to notice that by [15] the continuous coho-
mology of G lifts to bounded cohomology. The commutative diagram
H•cb(G,R)
// //
ρ∗

H•ct(G,R)
ρ∗

H•b (Γ,R)
// H•(Γ,R)
implies the result.
✷
8. Proof of theorem 2 and theorem 3
8.1. Proof of theorem 2. Suppose Γ as in theorem 2. Let ρ : Γ →֒ GL(n,C) be an unbounded
embedding of Γ. As b2(Γ) = 0 and Γ is an infinite Ka¨hler group the group Γ is schematically
rigid [20, cor.3]. Arguing as in [20] we can assume that X is the fundamental group of a smooth
projective complex variety X .
By proposition 1 ρ is the monodromy of a CVHS
X˜
fρ //
fρ ""E
E
E
E
E
E
E
E
E
G/V
pi

G/K ,
where G is a real form of Hodge type of the Zariski-closure of Γ in GL(n,C). The group G is non
compact as Γ is unbounded in GL(n,C). By replacing if necessary this CVHS by a convenient
exterior power as in corollary 1 and noticing that the corresponding monodromy still defines a
linear unbounded embedding of ρ we obtain from corollary 1 and its proof that the map
(16) c∗ : H4(Γ,R) −→ H4(X,R)
deduced from the classyfing map c : X −→ BΓ is non-zero : it maps the non-zero class ρ∗p1(F) ∈
H4(Γ,R) to the non-zero De Rham class [fρ
∗
p1(F)] ∈ H2,2(X,R).
Using Lefschetz’s hyperplane theorem we can without loss of generality assume that X is a
(connected) smooth projective complex surface. In this case equation (16) is equivalent to saying
that
(17) c∗ : H4(M,R) ≃ R −→ H4(Γ,R)
is injective.
We proceed by contradiction to prove theorem 2. Suppose b4(Γ) ≤ 1. By [20, theor.1] we can
assume that b4(Γ) = 1. By the previous remarks we obtain that
c∗ : H4(M,R) ≃ R ∼−→ H4(Γ,R) ≃ R
is an isomorphism.
We now follow closely the proof of [20, theor.1]. As in [20, section 5.1.1] we get that the universal
cover X˜ has the homotopy type of a 2-dimensional CW-complex. But then the homological exact
sequence ([20, proposition 2, (a)]
H4(M)Q −→ H4(Γ)Q −→ H1(Γ, π2(M)Q) −→ H3(M)Q
still leads to
(18) H1(Γ, π2(M)Q) = 0 .
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Following the end of the proof of [20, theor.5] we still get a contradiction to the duality property
for Γ.
✷
8.2. Proof of theorem 3. Let G be a simple real Lie group of non-compact type. Matsushima
proved in [24] that there exists a constant m(G) depending only of the Lie algebra g such that the
restriction map
∀i ≤ m(G), Hict(G,R) −→ Hi(Γ,R)
is an isomorphism for any cocompact lattice Γ of G. One easily checks [24] that m(G) ≥ rkRG4 − 1.
For G of Hodge type but not of Hermitian type we have
dimRH
2(g,K,R) = 0 and dimRH
4(g,K,R) = 1 .
Thus for rkRG ≥ 12 one has b2(Γ) = 0 and for rkRG ≥ 20 one has b4(Γ) = 1.
Moreover Γ is an r-dimensional duality group, with r = dimR(G/K) ≥ rkRG.
Thus theorem 2 implies theorem 3.
✷
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